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Metric distortion quantifies the maximum ratio between geodesic and Euclidean distances for pairs of points in a set $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$, defined by Federer ([@CR15]), is the infimum of distances between points in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$. Both reach and metric distortion are central concepts in manifold (re-)construction and have been used to characterize the size of topological features. Amenta and Bern ([@CR1]) introduced a local version of the reach in order to give conditions for homeomorphic surface reconstruction and this criterion has been used in many works aiming at topologically faithful reconstruction. See the seminal paper of Niyogi et al. ([@CR19]) and Dey ([@CR12]) for more context and references. A direct relation between the reach and the size of topological features is simply illustrated by the fact that the intersection of a set with reach $\documentclass[12pt]{minimal}
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                \begin{document}$$r>0$$\end{document}$ with a ball of radius less than *r* has reach at least *r* and is contractible (Attali and Lieutier [@CR2]). In a certain way, metric distortion also characterizes the size of topological features. This is illustrated by the fact that a compact subset of $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi /2$$\end{document}$ is simply connected \[section 1.14 in Gromov et al. ([@CR16]), see also appendix A by P. Pansu where sets with a given metric distortion are called *quasi convex sets*\].

In the first part of this paper, we provide tight bounds on metric distortion for sets of positive reach and, in a second part, we consider submanifolds of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^d$$\end{document}$ and bound the angle between tangent spaces at different points. Whenever we mention manifolds we shall tacitly assume that it is embedded in Euclidean space. Previous versions of the metric distortion result, restricted to the manifold setting can be found in Niyogi et al. ([@CR19]). A significant amount of attention has gone to tangent space variation, see Belkin et al. ([@CR4]), Boissonnat et al. ([@CR8]), Boissonnat and Ghosh ([@CR6]), Cheng et al. ([@CR10]), Dey ([@CR12]), Dey et al. ([@CR13]) and Niyogi et al. ([@CR19]) to name but a few.

Our paper improves on these bounds, extends the results beyond the case of smooth manifolds and offers new insights and results. These results have immediate algorithmic consequences by, on one hand, improving the sampling conditions under which known reconstruction algorithms are valid and, on the other hand, allowing us to extend the algorithms to the class of manifolds of positive reach, which is much larger than the usually considered class of $\documentclass[12pt]{minimal}
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                \begin{document}$$C^2$$\end{document}$ manifolds. Indeed, the metric distortion and tangent variation bounds for $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$ manifolds presented in this paper in fact suffice to extend the triangulation result of $\documentclass[12pt]{minimal}
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                \begin{document}$$C^2$$\end{document}$ manifolds embedded in Euclidean space given in Boissonnat et al. ([@CR9]) to arbitrary manifolds with positive reach, albeit with slightly worse constants. The results of the papers on manifold reconstruction cited above generalize likewise to general manifolds of positive reach. The constants that appear in the conditions that guarantee correctness of the papers above can also be improved in the $\documentclass[12pt]{minimal}
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*Overview of results* For metric distortion, we extend and tighten the previously known results so much that our metric distortion result can be regarded as a completely new characterization of sets of positive reach. In particular, the standard manifold and smoothness assumptions are no longer necessary. Based on our new characterization of the reach by metric distortion, we can prove that the intersection of a set of positive reach with a ball with radius less than the reach is geodesically convex. This result is a far reaching extension of a result of Boissonnat and Oudot ([@CR7]) that has attracted significant attention, stating that, for smooth surfaces, the intersection is a pseudo-ball.

To study tangent variation along manifolds, we will consider two different settings, namely the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^2$$\end{document}$ setting, for which the bounds are tight, and the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$ setting, where we achieve slightly weaker bounds.
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                \begin{document}$$C^2$$\end{document}$ manifolds is based on differential geometry and is a consequence of combining the work of Niyogi et al. ([@CR19]), and the two dimensional analysis of Attali et al. ([@CR3]) with some observations concerning the reach. We would like to stress that some effort went into simplifying the exposition, in particular the part of Niyogi et al. ([@CR19]) concerning the second fundamental form.

The second class of manifolds we consider consists of closed $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^d$$\end{document}$. We restrict ourselves to $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$ manifolds because it is known that closed manifolds have positive reach if and only if they are $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$, see Federer ([@CR15], Remarks 4.20 and 4.21) and Scholtes ([@CR21]) for a history of this result. Here we do not rely on differential geometry apart from simple concepts such as the tangent space. In fact most proofs can be understood in terms of simple Euclidean geometry. Moreover our proofs are very pictorial. Although the bounds we attain are slightly weaker than the ones we attain using differential geometry, we should note that we have sometimes simplified the exposition at the cost of weakening the bound.

We also prove that the intersection of a $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$ manifold with a ball of radius less than the reach of the manifold is a topological ball. This result is a generalization of previous results. Note that geodesic convexity of a subset does not imply that that the subset is topologically trivial, as the simple example of the circle shows. A sketch of a proof of the result in the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^2$$\end{document}$ case has been given by Boissonnat and Cazals ([@CR5]). Attali and Lieutier ([@CR2]) proved that the intersection of a set of positive reach and ball of radius less than the reach is contractible. Our topological ball result is stronger, but in a more restricted setting.

*Outline* Section [2](#Sec2){ref-type="sec"} gives the result on metric distortion and geodesic convexity for general sets of positive reach. The third section discusses the variation of tangent spaces, firstly for $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$ manifolds. In the final section we reproof some of the results of the first section using differential geometrical techniques.

Metric distortion and geodesic convexity {#Sec2}
========================================

In this section we study distortion and geodesic convexity for general sets of positive reach. We will revisit this topic in Sect. [4](#Sec11){ref-type="sec"} from a smooth viewpoint.
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                \begin{document}$$d_{\mathcal {S}}$$\end{document}$ denotes the geodesic distance in $\documentclass[12pt]{minimal}
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                \begin{document}$$d_{\mathcal {S}}(a,b)$$\end{document}$ is the infimum of lengths of paths in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$ between *a* and *b*. If there is at least one path between *a* and *b* with finite length, then it is known that a minimizing geodesic, i.e. a path with minimal length connecting *a* to *b* exists (see the second paragraph of part III, section 1: "Die Existenz geodätischer Bogen in metrischen Räumen" in Menger [@CR17]).

The next theorem can be read as an alternate definition of the reach, based on metric distortion. Observe that for fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$2 r \arcsin \frac{|a-b|}{ 2 r}$$\end{document}$ is precisely the (geodesic) distance between points *a* and *b* on a circle of radius *r*.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$\begin{aligned} \mathrm {rch}\, \mathcal {S}= \sup \left\{ r > 0, \, \forall a,b \in \mathcal {S}, \, |a-b| < 2 r \Rightarrow d_{\mathcal {S}}(a,b) \le 2 r \arcsin \frac{|a-b|}{ 2 r} \right\} , \end{aligned}$$\end{document}$$where the $\documentclass[12pt]{minimal}
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The proof of this theorem relies on the the following lemma:

Lemma 3 {#FPar2}
-------
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The proof of the lemma is technical and takes the remainder of this section. We'll now prove Theorem [1](#FPar1){ref-type="sec"}.

Proof of Theorem 1 {#FPar3}
------------------
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We now remind ourselves that a set is geodesically convex if the minimizing geodesic between any two points of the set is itself contained in the set. With this definition we can give the following result:

Corollary 1 {#FPar4}
-----------
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Proof {#FPar5}
-----
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We emphasize that the question of convexity has not been considered before.

Projection of the middle point {#Sec3}
------------------------------

Sections [2.1](#Sec3){ref-type="sec"} and [2.2](#Sec4){ref-type="sec"} are devoted to the proof of Lemma [3](#FPar10){ref-type="sec"}, which is the technical part of the proof of Theorem [1](#FPar1){ref-type="sec"}.
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### Lemma 1 {#FPar6}
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### Proof {#FPar7}
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The following simple geometric Lemma is used in the next section.

### Lemma 2 {#FPar8}
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Metric distortion {#Sec4}
-----------------

In this section we establish an upper bound on geodesic lengths through the iterative construction of a sequence of paths.

### Lemma 3 {#FPar10}
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### Claim {#FPar12}
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Variation of tangent spaces {#Sec5}
===========================

In this section we shall bound the variation of tangent spaces in the $\documentclass[12pt]{minimal}
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-------------------------------------------------------------------

We shall be using the following result, Theorem 4.8(12) of Federer ([@CR15]):

### Theorem 2 {#FPar14}
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The fact that such a tubular neighbourhood exists is non-trivial, even if we take $\documentclass[12pt]{minimal}
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### Corollary 2 {#FPar15}
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We start with the following simple observation:
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We now have the following, which is a straightforward extension of an observation in Attali et al. ([@CR3]) to general dimension:

### Lemma 5 {#FPar19}
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We can now turn our attention to the variation of tangent spaces. Here we mainly follow Niyogi et al. ([@CR19]), but use one useful observation of Attali et al. ([@CR3]). We shall be using the second fundamental form, which we assume the reader to be familiar with. We refer to do Carmo ([@CR14]) as a standard reference.

The second fundamental form has the geometric interpretation of the normal part of the covariant derivative, where we assume now that *u*, *v* are vector fields. In particular , where $\documentclass[12pt]{minimal}
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We can now restrict our attention to *u*, *v* lying on the unit sphere $\documentclass[12pt]{minimal}
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Having discussed the second fundamental form, we can give the following lemma:

### Lemma 6 {#FPar21}
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### Proof {#FPar22}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ be a geodesic connecting *p* and *q*, parametrized by arc length. We consider an arbitrary unit vector *u* and parallel transport this unit vector along $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$, getting the unit vectors *u*(*t*) in the tangent spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{\gamma (t)}\mathcal {M}$$\end{document}$. The maximal angle between *u*(0) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u(\ell )$$\end{document}$, for all *u* bounds the angle between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_p\mathcal {M}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_q \mathcal {M}$$\end{document}$. Nowwhere we used that *u*(*t*) is parallel and thus by definition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \nabla _{\dot{\gamma }} u(t) =0$$\end{document}$. So using our discussion above $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\frac{d u}{dt}| \le 1/ \mathrm {rch}(\mathcal {M})$$\end{document}$. Now we note that, similarly to what we have seen in the proof of Lemma [5](#FPar19){ref-type="sec"}, *u*(*t*) can be seen as a curve on the sphere and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\angle (u(0), u(\ell )) \le \int _0^{\ell } |\frac{d u}{dt}| \mathrm {d}t \le \ell / \mathrm {rch}(\mathcal {M})$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

This bound is tight as it is attained for a sphere.

Combining Theorem [1](#FPar1){ref-type="sec"} and Lemma [6](#FPar21){ref-type="sec"} we find that

### Corollary 3 {#FPar23}
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With the bound on the angles between the tangent spaces it is not difficult to prove that the projection map onto the tangent space is locally a diffeomorphism, as has been done in Niyogi et al. ([@CR19]). Although the results were given in terms of the (global) reach to simplify the exposition, the results can be easily formulated in terms of the local feature size.

A topological result {#Sec7}
--------------------

We shall now give a full proof of a variant of a statement by Boissonnat and Cazals ([@CR5], Proposition 12) in the more general $\documentclass[12pt]{minimal}
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### Proposition 1 {#FPar25}
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Note that this result is not implied by Corollary [1](#FPar4){ref-type="sec"}, because subspaces can be geodesically convex without being topological disks, think for example of the equator of the sphere.

The proof uses some results from topology, namely variants of Milnor ([@CR18], Theorem 3.2 and Theorem 3.1):

### Lemma 7 {#FPar26}
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### Proof {#FPar27}
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### Lemma 8 {#FPar28}
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### Proof {#FPar29}
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### Definition 1 {#FPar30}
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### Lemma 9 {#FPar31}

(Zeeman [@CR23], Lemma 9 of Chapter 3) Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|K|=\mathcal {M}$$\end{document}$. Then *K* is a combinatorial manifold if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}$$\end{document}$ is a PL-manifold.

Because $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(d_c|_\mathcal {M}) ^{-1} (r_c- \eta )$$\end{document}$ is the link of *y*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(d_c|_\mathcal {M}) ^{-1} (r_c- \eta )$$\end{document}$ is a sphere and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}^{r_c- \eta }$$\end{document}$ a ball. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$Fig. 3For the proof of Proposition [1](#FPar25){ref-type="sec"}

### Proof of Proposition 1 {#FPar32}
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Let us now assume that there exists a point $\documentclass[12pt]{minimal}
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We shall now give a bound on the angle between sufficiently close tangent spaces based on elementary arguments. Here we use elementary methods in the sense that we do not rely on differential geometry, although we will use the topological ball result. The bound we find here also encompasses the $\documentclass[12pt]{minimal}
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### From manifold to tangent space and back {#Sec9}
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Next lemma establishes the converse statement of the distance bounds in Lemma [10](#FPar33){ref-type="sec"}. It is an improved version of Lemma B.2 in Boissonnat et al. ([@CR8]). This result too can be traced back to Federer ([@CR15]), in a slightly different guise. Before we give the lemma we first introduce the following notation.

#### Definition 2 {#FPar35}
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#### Lemma 11 {#FPar36}

(Distance to Manifold) Suppose that $\documentclass[12pt]{minimal}
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#### Remark 1 {#FPar37}
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Fig. 4The set of all tangent balls to the tangent space of radius $\documentclass[12pt]{minimal}
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### The angle bound {#Sec10}

This section revolves around the following observation: If $\documentclass[12pt]{minimal}
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We start with the following simple observation:

#### Remark 2 {#FPar38}
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We now need the following corollary of Proposition [1](#FPar25){ref-type="sec"}:

#### Corollary 4 {#FPar39}

We have:For any ball *B*(*p*, *r*) of radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r< \mathrm {rch}(\mathcal {M})$$\end{document}$ centred at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \in \mathcal {M}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B(p,r) \cap \mathcal {M}$$\end{document}$ is a topological ball.For every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<r< \mathrm {rch}(\mathcal {M})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial (B(p,r) \cap \mathcal {M})$$\end{document}$ is contained in a set homeomorphic to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\text {side rim}} (T_p \mathcal {M},r,\tilde{r}(r))$$\end{document}$, this homeomorphism is a projection, which is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_r$$\end{document}$ and indicated in Fig. [8](#Fig8){ref-type="fig"} in green.There exists an isotopy from the image of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial (B (p,r) \cap \mathcal {M})$$\end{document}$ under the homeomorphism from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\text {side rim}} (T_p \mathcal {M},r,\tilde{r}(r))$$\end{document}$ to the sphere that is the boundary of the open ball of radius *r* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_p\mathcal {M}$$\end{document}$.

Fig. 6An illustration of the notation used in Remark [2](#FPar38){ref-type="sec"}

#### Proof {#FPar40}

The first observation is a straightforward consequence of Proposition [1](#FPar25){ref-type="sec"} and the definition of the reach.
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More precisely the isotopy can be understood as follows, see also Fig. [7](#Fig7){ref-type="fig"}:Thanks to Proposition [1](#FPar25){ref-type="sec"}, $\documentclass[12pt]{minimal}
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Fig. 7Overview of the proof of the third point of Corollary [4](#FPar39){ref-type="sec"}. In the first image we see the intersection between the sphere $\documentclass[12pt]{minimal}
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For the existence of the line segment that is contained in both $\documentclass[12pt]{minimal}
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#### Corollary 5 {#FPar41}
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#### Proof {#FPar42}

The proof, by contradiction, is completely pictorial in nature, see Fig. [8](#Fig8){ref-type="fig"}. So let us suppose that there exists a $\documentclass[12pt]{minimal}
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#### Theorem 3 {#FPar43}
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The idea of the proof is pictorial, as we have seen in the overview in Fig. [5](#Fig5){ref-type="fig"} and below. We shall now give the details.
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#### Remark 3 {#FPar45}

The bound we presented above can be tightened by further geometric analysis, in particular by splitting $\documentclass[12pt]{minimal}
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With the bound on the angles between the tangent spaces it is not difficult to prove that the projection map is locally a diffeomorphism, as has been done in Niyogi et al. ([@CR19]).

Metric distortion and geodesic convexity for $\documentclass[12pt]{minimal}
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=============================================================================

In this section we prove the results on distortion and geodesic convexity for $\documentclass[12pt]{minimal}
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                \begin{document}$$C^2$$\end{document}$ manifolds. The first part of this exposition is the result of straightforwardly combining the work of Niyogi et al. ([@CR19]), and the two dimensional analysis of Attali et al. ([@CR3]) with some observations concerning the reach. The proof of geodesic convexity of the intersection of the manifold and a sufficiently small ball (Corollary [1](#FPar4){ref-type="sec"} for $\documentclass[12pt]{minimal}
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                \begin{document}$$C^2$$\end{document}$ manifolds) uses the same techniques as those we have seen in Sect. [3](#Sec5){ref-type="sec"}, and are again based on the simple observation made in Lemma [4](#FPar17){ref-type="sec"}. We have included the smooth analysis in the final section because we feel that it gives a different perspective on the problem. Some of the intermediate results, in this smooth setting, may also be of independent interest.

Metric distortion {#Sec12}
-----------------

We remind ourselves that Lemma [5](#FPar19){ref-type="sec"} says that if $\documentclass[12pt]{minimal}
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### Lemma 12 {#FPar46}
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### Proof {#FPar47}
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This bound is tight as it is attained on the sphere of the appropriate dimension.

Convexity {#Sec13}
---------

We now prove that the intersection of a ball with radius less than the reach with the manifold is geodesically convex, using differential geometric techniques. To prove this we first give a bound on the distance between (a sufficiently short) geodesic on the manifold and the straight line segment connecting the endpoints of the geodesic. In fact we'll see that the worst case scenario is the sphere with radius reach. Secondly we'll show that if points are closer than $\documentclass[12pt]{minimal}
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Here we shall use the estimate ([7](#Equ11){ref-type=""}) to prove the following:

### Lemma 13 {#FPar48}
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### Proof {#FPar49}
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We now have the following estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d_{\mathbb {E}}(\gamma (s^*) , [pq])&\le \left| \int _{0}^{s^*} \langle \rho , \dot{\tilde{\gamma }}(s) \rangle \mathrm {d}s \right| \\&\le \int _{0}^{s^*} |\langle \rho , \dot{\tilde{\gamma }}(s) \rangle | \mathrm {d}s \\&\le \int _{0}^{s^*} \cos \angle ( \rho ,\dot{\tilde{\gamma }}(s) )\mathrm {d}s \\&= \int _{0}^{s^*} \sin \angle ( z, \dot{\tilde{\gamma }}(s)) \mathrm {d}s \\&= \int _{0}^{s^*} \sin \angle ( \dot{\tilde{\gamma }}(s^*), \dot{\tilde{\gamma }}(s) ) \mathrm {d}s \\&\le \int _{0}^{s^*} \sin \frac{|s-s^*| }{\mathrm {rch}(\mathcal {M})} \mathrm {d}s \\&= \mathrm {rch}(\mathcal {M}) \left( 1-\cos \frac{s^* }{\mathrm {rch}(\mathcal {M})} \right) , \end{aligned}$$\end{document}$$where the third inequality is due to the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\dot{\gamma }|\le 1$$\end{document}$ and the last inequality is due to ([11](#Equ12){ref-type=""}). It is clear that the bound is maximized if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^*=\ell /2$$\end{document}$. This maximum is attained for the sphere of the appropriate dimension.

We can now do the same analysis for any $\documentclass[12pt]{minimal}
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We also need the following lemma:

### Lemma 14 {#FPar50}
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### Proof {#FPar51}
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Lemmas [13](#FPar48){ref-type="sec"} and [14](#FPar50){ref-type="sec"} immediately give us the following:

### Corollary 6 {#FPar52}
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We are now ready to prove the following theorem in the $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar53}
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### Proof {#FPar54}
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Conclusions and future research {#Sec14}
===============================

Our characterization of the reach in terms of metric distortion does hold for arbitrary subsets of Euclidean space and is not restricted to the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$ and smooth setting. Closing this gap is quite important as guarantees of many algorithms are based on these results.

If there is more than one direction we simply pick one.

We can assume positivity without loss of generality, and, again, if there is more than one direction, we pick one.
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